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Analysis of Nonlinear Aeroelastic Signals

Hekmat Alighanbari¤

Ryerson University, Toronto, Ontario M5B 2K3, Canada
and

B. H. K. Lee†

National Research Council, Ottawa, K1A 0R6 Canada

A signal processing technique is presented to analyze nonlinear aeroelastic time series where limit-cycle os-
cillations and chaotic motions may occur. A powerful method to study nonlinear aeroelastic behavior of aircraft
structures is the phase-space reconstruction technique. In the reconstruction process, the mutual information func-
tion and the percentage of false neighbors methods are used to estimate the time delay and the dimension of the
attractor, respectively. The dynamics of the system are then determined from the Lyapunov exponents. A method
of estimating frequency and damping values of the aeroelastic system from the reconstructed phase space is also
presented. Examples are given for a two-dimensional airfoil oscillating in pitch and plunge with either a bilinear
or a cubic spring nonlinearity in one of the degrees of freedom.

Nomenclature
ah = nondimensionaldistance from airfoil midchord

to elastic axis
b = airfoil semichord
de = embedding dimension
Kc = central stiffness term for the bilinear stiffness
M = nonlinear structural restoring moment
M0 = restoring moment at the start of the central

bilinear stiffness
m = airfoil mass
p = nondimensional aerodynamic force in the plunge

direction
r = nondimensional aerodynamic pitching moment
r® = radius of gyration about elastic axis
T = time delay
U ¤ = nondimensional freestream velocity, V=b!®

U ¤
L = nondimensional linear � utter velocity

V = freestream velocity
x = scalar time history at discrete time intervals
x® = nondimensionaldistance from elastic axis to center

of mass
y = � nite vector sampled from x scalar time history
® = pitch angle of the airfoil
® f = ® at the start of the freeplay
± = pitch angle for the central region of the bilinear

stiffness
³» , ³® = viscous damping ratios in plunge and pitch
¹ = airfoil/air mass ratio, m=¼½b2

» = nondimensionalplunge displacement, h=b
¿ = nondimensional time, tV=b
!» , !® = circular frequencies in plunge and pitch
N! = frequency ratio, !» =!®
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Introduction

F OR attached low-speed � ow and small structural deformation,
one can approximate the response of an aircraft structure to

perturbations using a linear approach. However, there arise many
situations where a linear approximation is not applicable and one
has to take into consideration nonlinearities that can substantially
modify the responsebehaviorwhile at the same time make the anal-
ysismuch moredif� cult. In � uid–structureinteractionproblems, the
nonlinearitiescouldarise fromthe � uid motionor from the structural
properties.One of the most important aspects of nonlinearbehavior
in aeroelasticityis the appearanceof limit-cycleoscillations(LCOs)
and, under certain conditions,chaoticmotions. The most easily rec-
ognized characteristic of LCOs is a sustained periodic motion of
a wing, control surface, or an underwing store. The amplitude of
motion can be constant, or in some cases it can � uctuate between
limits that are not very far apart. LCOs are undesirablebecause they
can cause structural fatigue, and they can also degrade the weapon
platformof combat aircraft. In addition,vibrationsat the pilot’s seat
can inducehuman fatigueand decreasethe operationaleffectiveness
of the pilot.

To date, most research efforts in nonlinear aeroelasticity have
been dedicated to use nonlinear dynamics theory to gain a better
understandingand interpretationof complexaeroelasticbehavior.A
review on these efforts was recentlygiven by Lee et al.1 The present
study tends to explore advantages of nonlinear dynamics theory in
the analysis of nonlinear time series arising from aeroelastic sys-
tems. Theories and techniques such as phase-space reconstruction
have been developed by nonlinear dynamicists for the analysis of
nonlinear time series. These theories and some of their applica-
tions are described in the recent monograph by Abarbanel.2 This
paper gives a brief description of the phase-space reconstruction
technique2 applied to aeroelasticsystemsand gives some sample re-
sults for LCOs obtained for a two-degree-of-freedomairfoil motion
with structural nonlinearity parameters similar to those considered
by Lee et al.1

Nonlinear Aeroelastic Signal Processing
A feature of LCOs in aeroelastic systems is that under certain

conditions LCOs can change to chaotic motion through frequency
doubling or quasi-periodic bifurcations. In such a case, the vibra-
tionsignalsresemblerandomsignals,and the usual � utterparameter
identi� cation tools based on linear signalprocessingtechniqueswill
notbe adequate.Thus, oneneedsto havesome reliablemeans to ana-
lyzenonlinearresponsesignalshavingdecaying,periodic,or chaotic
characteristics.There are various suggestedapproacheson this sub-
ject, such as wavelets and neural networks.3 Amongst the various
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methods available, the phase-space reconstruction technique2 used
by nonlinear dynamicists offers a great potential in � utter signal
analysis.

In any signal processing technique,� rst the signal should be pre-
pared for the analysis. In a linear case, one may enhance the signal
by passing it through a � lter. However, in the nonlinear dynamics
approach, the process favored by nonlinear dynamicists is to use
manifold decomposition.2 After the signal preparation, the usual
linear approach is to perform a Fourier transformation and power
spectral analysis. However, for a nonlinear system with possibly
chaotic behavior, power spectral density may not be a reliable tool
to determine the real structural modes of the system. In a nonlinear
dynamics approach, the counterpart to the power spectral analysis
is to carry out a phase-spacereconstructionto � nd the space or em-
bedding dimension. Finally, a linear signal can be classi� ed by its
spectral properties; whereas, in the nonlinear case, the Lyapunov
exponents or the fractal dimensions are used for this purpose.

The time series of the response can be obtained experimentally
by placing sensors such as accelerometers or strain gauges on the
aircraft structure. The signals are digitally sampled, and they are
scalar quantities designated by x.n/, where n is the sample num-
ber that can be converted to time once the sampling frequency is
given. To construct the phase space, one would typically need to
obtain the position and velocity of the system at various time t .
However, the main idea in the present analysis is that one does not
need to measure both variables to capture the structure of the orbit
of the phase curves. When started from the observedscalar quantity
x.n/, the state space vector y.n/ could be formed in de-dimensional
space using a time delay T ,

y.n/ D [x.n/; x.n C T /; x.n C 2T /; : : : ; x.n C .de ¡ 1/T /]

n D 1; 2; 3; : : : ; N (1)

Plotting this vector in a de-dimensional space represents the phase
space of the system, for example, y.n/ D [x.n/; x.n C T /] and
y.n/ D [x.n/; x.n C T /; x.n C 2T /] give a two-dimensional and
three-dimensionalphase space, respectively.

The key point in the time-delay reconstructionmethod is that all
variables are connected in a nonlinear process. For example, x.n/
and x.n C T / are related by the evolution of the dynamic system
over a time interval T during which all dynamic variables affect the
observed variable x.n/. Therefore, x.n C T / is a complicated, un-
known, nonlinearcombinationof all variablesof the system. Alone,
it may represent one of the variables, but the combination into a
de-dimensional vector of time delays of x.n/ represents de active
variablesof the system beingobserved.If the time delay is too short,
not enough time will elapse for the system to produce information
about its dynamics. If it is too large, too much information will be
lost, and the two data samples will not be correlated.The optimum
time delay can be obtained using the average mutual information
function.4¡6 The average mutual information identi� es how much
information regarding the state of the dynamic system, such as po-
sition or velocity, one can learn about a measurement at one time,
x.n C T /, from a measurement taken at another time, x.n/. The
expression for the mutual information I .T / is given by

I .T / D
NX

n D 1

P[x.n/; x.n C T /] log2

»
P[x.n/; x.n C T /]

P[x.n/]:P[x.n C T /]

¼

(2)

where P[x.n/] and P[x.n C T /] are, respectively, the proba-
bilities of x.n/ and x.n C T / occurring in the data set and
P[x.n/; x.n C T /] is the joint probability. N is the total number
of observed variable x.n/. The value of time delay T at which the
� rst minimum of the mutual informationoccurs is then judgedas the
appropriate time delay to be used in the phase-spacereconstruction
technique. If the average mutual information has no minimum, it is
recommended5 to use T such that I .T /= I (0) is approximately 1

5 .
When T is selected using the described methods, the values of x.n/
and x.n C T / contain useful information about its dynamics, while
at the same time the two data samples are correlated.

To reconstruct the phase space one also needs to determine the
dimension of the phase space or so called “embedding dimension.”
To � nd the embedding dimension de, the method of false nearest
neighbors6;7 is used in the present analysis. In this method, � rst the
state space is reconstructed in a dimension de , and the Euclidean
distances between each point and its nearest neighboring points in
the reconstructed state space are calculated. The distance between
point y.n/ and its r th nearest neighbor, yr .n/, is calculated from

R2
de.n; r / D

de ¡ 1X

k D 0

[x.n CkT /¡x r .n CkT /]2; r D 1; 2; : : : ; Nb

(3)

Then, the process is repeated in a space dimension de C 1,

R2
de C 1.n; r / D R2

de.n; r/ C [x.n C deT / ¡ x r .n C deT /]2

r D 1; 2; : : : ; Nb (4)

If yr .n/ is a true neighbor,then it arrivesat the neighborhoodof y.n/
in the state space throughdynamic origins. It is a false neighbor if it
arrives in the neighborhood of y.n/ because the present dimension
did not fully unfold the attractor, and when the embedding dimen-
sion is increased to de C 1, it is possible to move yr.n/ out of the
neighborhoodof y.n/. The y.n/ and yr.n/ are consideredneighbors
if the distance between them stays within a tolerance Rtol when the
embedding dimension is increased from de to de C 1. The criterion
for designating a neighbor to be false is given by Kennel et al.7 as
follows:
µ

R2
de C 1.n; r / ¡ R2

de.n; r /

R2
de.n; r /

¶ 1
2

D

­­x.n C deT / ¡ x r .n C deT /
­­

Rde.n; r/
> Rtol (5)

Kennel et al.7 suggest Rtol > 10, but in practice the � nal result does
not change if Rtol is in the range 10 < Rtol < 50. Once the percent-
age of false neighbors falls below some speci� ed limit, then the
correspondingdimension may be chosen as a suf� cient embedding
dimension. Kennel et al.7 suggest the limit to be 1%.

For the case of a � nite amount of data, the preceding criterion
is not always suf� cient to differentiate between close and nearest
neighbors.5 To resolve this problem, a second criterion is suggested
as

Rde C 1.n; r /=RA > 2 (6)

where RA is the approximate size of the attractor de� ned by

R2
A D 1

N

NX

n D 1

[x.n/ ¡ xav]2; xav D 1
N

NX

n D 1

x.n/ (7)

Equation (6) implies that by increasing the embedding dimension
by one a false neighbor will be displaced, in comparison to the size
of the attractor, by a relatively large distance from its neighborhood
in the state space.

Figure 1 shows the concept of phase-space reconstruction.Con-
sider a set of available data, x.n/ representing an attractor of a
system. Figure 1a shows the data projected on a one-dimensional
space. In Fig. 1a, points indicating various states of the system can
be at the same locationon the axis, and Fig. 1a does not demonstrate
much about the system’s attractor.Figures 1b and 1c show the same
data set projected on two- and three-dimensional spaces, respec-
tively. Figures 1b and 1c give a better representationof the attractor.
The de� nition of nearest neighbor is presented in Fig. 1b, where the
� rst, second, and third neighbors of a typical point y.n/ are indi-
cated.The circlescenteredat point y.n/ demonstratethedistancesof
these neighbors from y.n/. Two points A and B in two-dimensional
space may appear to be very close neighbors.However, these points
are false neighbors because the reconstructed phase space in three
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a)

b)

c)

Fig. 1 Schematic of phase-space reconstruction.

dimensionsseparates the two points, and the distancebetween them
is increased substantially in Fig. 1c. If the attractor is reconstructed
in a four-dimensionalspaceand all of the neighboringpoints in three
dimensions remain neighbors in the four-dimensional space, then
the minimumrequiredembeddingdimensionwouldbe three,de D 3,
and Fig. 1c would represent the completely unfolded attractor.

After reconstructing the phase-space,one should be able to clas-
sify the dynamic system by � nding the invariants of the system.
Eigenvalues are the invariants for a linearized system. For a nonlin-
ear system, Lyapunov exponents are the most important invariants.
To determine the exponents,one may use the evolution of the state-
space vector given by8¡10

y.n C T / D F[ y.n/] (8)

This is the governingmap for the reconstructedorbit. Function F is
not known in algebraicform, but locally it can be estimatedfrom the
reconstructedspace. At each point on the orbit y.n/, a Taylor series
for F[ y.n/] is constructedin the vicinity of the orbit, and the Taylor
series coef� cients are determined numerically by a least-square � t
to the data. The Taylor expansion order n0 is a parameter to choose
in this process. The expansion order depends on the structure of
the attractor. One way to determine the appropriate order is simply
to look at how accurately the calculated map � ts the data and to
increase n0 to the point where the curvature of Taylor series can
follow the curvature of the local data points quite closely.10

Small perturbationsto the orbit evolveaccordingto the linearized
dynamics

1y.n C T / D D F.n/1y.n/ (9)

where DF(n/ is the Jacobian matrix of the map F.n/ at loca-
tion y.n/ on the orbit. The Jacobian matrices can be approximated
from the linear term of the calculated Taylor series for F[y.n/].
Once the Jacobian matrix of the mapping F[y.n/] for each point
in the state space is known, one can use the multiplicative er-
godic theorem of Oseledec11 to determine the Lyapunov exponents
of the system. When it is assumed that DF L .n/ is the product
of the Jacobian matrices L step along the orbit starting at loca-
tion y.n/, that is, D F L .n/ D DF.n C L ¡ 1/ ¢ DF.n C L ¡ 2/ : : :
DF.n C 1/ ¢ DF.n/, where the dots represent matrix multiplica-
tion, the theorem states that if one forms the Oseledec matrix

OSL.n; L/ D f[D F L .n/]T ¢ DF L.n/g1=2L (10)

then the limit of this matrix as L ! 1 exists, and it is independent
of y.n/. Lyapunov exponentsare simply the logarithm of the eigen-
values of this matrix when L ! 1. Details of the procedure may
be found in the paper by Wolf et al.12

After calculating the Jacobian matrix, one may adapt the follow-
ing methodology to calculate the linearized modal damping and
frequenciesof the system. The linearizeddynamic system is repre-
sented by Py.t/ D [A]y.t/, where matrix [A] determines the system
dynamics and can be related to the Jacobian matrix as follows. The
solution to Py.t/ D [A]y.t/ can be written as y.n/ D exp.[A]n1t/y0.
Based on this exponential representation, a space perturbation 1y
will evolve according to the expression

1y.n C T / D exp.[A]T 1t/1y.n/ (11)

Comparing Eq. (11) with Eq. (9) gives the relationshipbetween [A]
and the Jacobian matrix

exp.[A]T 1t/ D DF .n/ (12)

The Jacobian matrix depends on location in the phase space and,
hence, the term exp.[A]T 1t/ obtainednumericallywill not be con-
stant for every state vector in the phase space. However, they can
be averaged to obtain a mean exp.[A]T 1t/ matrix, and the aver-
age complex exponents ¸1cplx ; ¸2cplx; : : : ; ¸decplx . These exponents
are the eigenvalues of logarithm of the averaged matrix divided by
T 1t . When the complex exponents are known, the frequency and
damping values of the system can be obtained from the following
expressions:

³i D
Re.¸i cplx/p

[Re.¸i cplx/]2 C [Im.¸i cplx/]2
(13)

!i D
Re.¸i cplx/

2¼³i
(14)

Results and Discussion
As an example to illustrate the procedure just outlined to re-

construct a phase space, some results for the pitch motion of a
two-dimensional airfoil are presented herein. The airfoil, shown
in Fig. 2, is placed in an incompressible � ow and is free to oscil-
late in the pitch and plunge directions. Either a bilinear or cubic
nonlinearity is considered in the pitch stiffness.

The equations of motion for the system may be written in nondi-
mensional form as1

» 00.¿ / C x® ®00.¿ / C 2³» . N!=U ¤/» 0.¿/ C . N!=U ¤/2».¿/ D p.¿ /

¡
x®

¯
r 2

®

¢
» 00.¿/ C ®00.¿ / C 2³®.1=U ¤/® 0.¿/ C .1=U ¤2/M.®/ D r .¿/

(15)

where ® and » are the nondimensional pitch and heave displace-
ments, respectively,of the airfoil measured at its elastic axis. M.®)



ALIGHANBARI AND LEE 555

Fig. 2 Schematic representation of the two-degree-of-freedom airfoil.

is the structuralnonlinearityin pitch, normalizedwith respect to the
linear torsional stiffness. [In the case of a linear system, M(®) is
simply ®.] U ¤ is nondimensional airspeed, ( )0 denotes differentia-
tion with respect to nondimensional time ¿ , and the other symbols
are de� ned in the Nomenclature. Here p(¿ ) and r (¿ ) are the nondi-
mensional force and moment, respectively, including aerodynamic
and other possible excitation forces. For incompressible � ow, the
unsteady aerodynamic force and moment in p(¿ ) and r(¿ ) for any
arbitrary motion are given by13

p.¿ / D ¡ 1
¹

£
» 00.¿ / ¡ ah®00.¿/ C ®0.¿/

¤

¡
2

¹

(µ
» 0.0/ C

³
1

2
¡ ah

´
®0.0/ C ®.0/

¶
Á.¿ /

C
Z

¿

0

µ
» 00.¾ / C

³
1
2

¡ ah

´
®00.¾/ C ®0.¾/

¶
Á.¿ ¡ ¾ / d¾

)

(16)

r .¿/ D 1

¹r 2
®

µ
ah» 00.¿/ ¡

³
1

8
C a2

h

´
®00.¿/ ¡

³
1

2
¡ ah

´
®0.¿/

¶

C
2

¹r 2
®

Á
1

2
C ah

´(µ
» 0.0/ C

³
1

2
¡ ah

´
®0.0/ C ®.0/

¶
Á.¿ /

C
Z

¿

0

µ
» 00.¾ / C

³
1
2

¡ ah

´
®00.¾/ C ®0.¾/

¶
Á.¿ ¡ ¾ / d¾

)

(17)

where Á.¿/ D 1 ¡ 0:165e¡0:0455¿ ¡ 0:335e¡0:3¿ is the Wagner’s
function using the coef� cients given by Jones.14

The speci� c structural nonlinearitiesconsidered in the following
analysisare bilinearand cubic restoringmoments in the pitchdegree
of freedom, as shown schematically in Fig. 3.

For the preceding system with either bilinear or cubic nonlinear-
ity, LCOs can be obtained for velocitieswell below the linear � utter
speed. For a given set of parameters, the airfoil can also experi-
ence chaotic oscillations through frequency doubling bifurcations
for some range of airspeed.15;16

For the airfoil with bilinear nonlinearity, a two-dimensional
phase-space plot of the ® motion is shown in Fig. 4 with air-
foil parameters N! D 0:2, ¹ D 100, ah D ¡0.5, x® D 0.25, r 2

® D 0:25,
® f D 0:25 deg, ± D 0:5 deg, M0 D 0, Kc D 0, and U ¤=U ¤

L D 0.3.
Figure 4 shows ®0 as a function of ®, where ®0 is obtained from
numerical simulation of Eq. (15). When the nonlinear signal pro-
cessing techniquedescribedearlier is used, the phase space can also
be constructed from measurements of ® alone. The time delay re-
quired for phase-space reconstruction is obtained using the mutual
information method. The mutual information I .T / is determined
from Eq. (2), and its variation with time delay is shown in Fig. 5.

Bilinear

Cubic

Fig. 3 Schematic of the structural nonlinearities.

Fig. 4 Phase space of the pitch response for the airfoil with bilinear
nonlinearity with ¹! = 0.2, ¹ = 100, ah = ¡0:5, x® = 0.25, r2

® = 0.25,
®f = 0.25 deg, ± = 0.5 deg, M0 = 0, and U¤/U¤

L = 0.3.

Figure 5 shows that, for small time delays T < 5, the mutual in-
formation is rather high. That is, reconstructed phase space with
such time delays will not be fully unfolded because the coordinates
x.n/ and x.n C T / are too related to each other. In other words,
not enough time elapsed between x.n/ and x.n C T / for the system
dynamics to affect x.n C T / fully. On the other hand, time delays
should not be so long that x.n/ and x.n C T / becomeunrelated.The
best time delay for phase-space reconstruction is T D 10, at which
the � rst minimum of the I .T / occurs.Time-delay coordinates,x.n/
and x.n C T /, are then used to reconstruct the phase space of the
observed data, x.n/. Figure 6 shows the reconstructed phase space
using T D 10.Comparedwith Fig. 4, it shows that the basic structure
of the chaotic attractor has been captured.

Anotherexample for a cubicnonlinearityis shown in Figs. 7 and 8
with airfoil parameters N! D 0:2; ¹ D 200; ah D ¡0.5, x® D 0.25,
r 2

® D 0.25, and M.®/ D 0:01® C 50®3 . This system has rather inter-
esting dynamics with a period doubling route to chaos.16 Figure 7
shows a phase-plane plot of the system at U ¤=U ¤

L D 0:475 from
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Fig. 5 Variation of the mutual information with nondimensional time
delay for the pitch response of the airfoil with bilinear nonlinearity.

Fig. 6 Reconstructed phase space of the airfoil motion for the airfoil
with bilinear nonlinearity and T = 10.

Fig. 7 Phase space of the pitch response for the airfoil with cubic non-
linearity with ¹! = 0.2, ¹ = 200, ah = ¡0.5, x® = 0.25, r2

® = 0.25, M(®) =
0:01® + 50®3, and U¤/U¤

L = 0.475.

Fig. 8 Reconstructed phase space of the airfoil motion for the airfoil
with cubic nonlinearity.

Fig. 9 Variation of percentage of false nearest neighbors with embed-
ding dimension for the airfoil with bilinear nonlinearity and airspeed
U¤/U¤

L = 0.3.

numerical integration of Eq. (15), and Fig. 8 is the reconstructed
phase space. Again, the essential features of the system dynam-
ics are captured from the nonlinear aeroelastic signal processing
method presented earlier. Note that in the present analysis linear
restoring hinge moment is de� ned as M .®/ D ®, and the linear � ut-
ter speedbasedon thisde� nitionand the precedingset of parameters
is U ¤

L D 8:737.
The false nearest neighbors7 method was employed to calcu-

late the minimum required embedding dimension of the described
chaotic attractors. Figure 9 shows the variation of false nearest
neighborswith the embeddingdimensionfor the attractor illustrated
in Fig. 6. As shown in Fig. 9, increasing the embedding dimension
from 1 to 3 reduces the number of false neighbors from 84 to 1.4%.
Figure 9 shows a suf� cient embedding dimension of 4 at which the
number of false neighbors is less than 1%. A similar result was ob-
tained for the reconstructedattractor of Fig. 8 for the case of cubic
nonlinearity.

The Lyapunov exponents were calculated using the method of
Briggs8 for the airfoil with cubic nonlinearityand the reconstructed
attractor shown in Fig. 8. An embedding dimension of four was
obtained from the methodof false nearestneighborsand was used in
the Lyapunov exponent calculation. For an analytical nonlinearity
such as the cubic nonlinearity, it is also possible to calculate the
Lyapunov exponentsdirectly from the equations of motion. For this
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purpose, the algorithm given by Wolf et al.12 was used to calculate
the complete Lyapunov spectrum from the differential equations.

The agreement between the Lyapunov exponents obtained di-
rectly from the equations of motion and those obtained from the
reconstructedphase space is reasonablygood, at least for the largest
exponent,which is the one that indicates whether or not the system
is chaotic. For example, when the pitch response from the airfoil
with cubic nonlinearityshown in Fig. 7 is considered,the analytical
solution gives a value of 0.008 for the largest exponent.16 When
the reconstructeddata are used, the largest exponentvaries between
0.007 and 0.01, depending on the Taylor expansion order n0 and
number of data points Nd used.

Lyapunov exponents are also calculated for the airfoil with bi-
linear nonlinearity and the reconstructed attractor shown in Fig. 6.
When an embeddingdimensionof four obtainedfrom the false near-
est neighbors method is used, the largest positive exponent for this
attractor is approximately 0.01, which is in good agreement with
the values previously computed by Alighanbari and Price.15

An example using the earlier methodology for the calculation of
damping ratios and frequenciesfor a lineardynamicsystemfollows.
In the absence of � uid motion, Eq. (15) can be reduced to a set of
coupled equations for a mechanical system as

» 00 C x®®00 C 2³» N!» 0 C N!2» D 0
¡
x®

¯
r 2

®

¢
» 00 C ®00 C 2³®®0 C ® D 0 (18)

When Eqs. (18) were used, a time series of the » motion was ob-
tained for the following parameters: N! D 0:2, x® D 0:25, r 2

® D 0:25,
³» D 0.01, and ³® D 0:001. In this particular example, ®.0/ D 5 deg
and ®0.0/ D ».0/ D » 0.0/, but the initial conditions are not impor-
tant in the calculation of system invariants.A suf� cient embedding
dimension of four was obtained using the percentage of false near-
est neighbors, and the phase space was reconstructed. Eigenval-
ues of Jacobian matrices were calculated using the mapping tech-
nique already described, and average eigenvalues were evaluated.
The nondimensional frequency and damping ratios obtained using
the average eigenvalues of the Jacobian matrices are as follows:

!1 ¼ 0:2; !2 ¼ 1:16; ³1 ¼ 0:011; ³2 ¼ 0:002 (19)

Modal damping and frequencies of the already given system were
also calculated from the eigenvalues analysis of Eq. (18) giving

!1 D 0:1990; !2 D 1:1606

³1 D 0:00985; ³2 D 0:00176 (20)

Comparisonof thesevalues [Eq. (20)]with thoseestimatedusing the
phase-space reconstruction technique [Eq. (19)] shows that the es-
timated values are very close to the exact values. The estimated val-
ues for frequencyare good, and they do not change much with para-
meters such as time delay and the Taylor series order n0. However,
these parameters could substantially change the damping values.
For example, a � rst-order expansion (n0 D 1) gave a damping value
of ³1 ¼ 0:011, but for a second-orderexpansion (n0 D 2), a damping
value of ³1 ¼ 0.02 was obtained.For this reconstructedphase space,
the curvature of the Taylor series with n0 of 2 or 3 can reasonably
follow the curvature of the local data points, and n0 D 2 or 3 should
be appropriate in this case. However, the robustness of the results
is of more concern here than proper selection of parameters such as
the expansion order. The method could be improved such that the
results are less sensitive to the parameters, and further studies are
in progress.

Similar analyses have also been carried out for the two-degree-
of-freedom aeroelastic system with and without the structural
nonlinearities. For example, consider a linear system M.®/ D ®
with the following parameters: U ¤=U ¤

L D 0.8, ¹ D 100, ah D ¡0.5,
x® D 0.25, r 2

® D 0.25, N! D 0.8, and ³® D ³» D 0:01. At an airspeed of
U ¤=U ¤

L D 0.8, the eigenvalueswere determinedusing standard � ut-

Fig. 10 Pitch motion of a linear two-dimensional airfoil: U¤/U¤
L = 0.8,

¹ = 100, ah = ¡0:5, x® = 0.25, r2
® = 0.25, ¹! = 0.8, ³® = ³» = 0.01, ®(0) =

5 deg, and ®0(0) = »(0) = »0(0).

ter analysis techniques13 and yielded the following frequency and
damping values:

!1 D 0:2425; !2 D 0:3512

³1 D 0:0467; ³2 D 0:0596 (21)

If the airfoil is given a sinusoidal excitation with a nondimen-
sional frequency of 0.1502, the time history of pitch angle is as
shown in Fig. 10. The motion is started from rest with initial con-
ditions ®.0/ D 5 deg and ®0.0/ D ».0/ D » 0.0/. When the mutual
information and percentage of false nearest neighbors techniques
are used, a phase space was reconstructed from the ® motion. The
eigenvaluesof the mapping were calculated, and the frequencyand
damping values were estimated from the average mapping. For an
embedding dimension of six, the frequency and damping values
were estimated as follows:

!1 ¼ 0:1502; !2 ¼ 0:2432; !3 ¼ 0:3512

³1 ¼ 0:0012; ³2 ¼ 0:0494; ³3 ¼ 0:0613 (22)

When these estimated frequencyand damping values are compared
with those obtained via analytical techniquesgiven in Eq. (21), it is
clear that the frequency estimations are excellent and the damping
valuesare reasonablygood.Also note that not only the airfoilmodal
frequenciesbut also the excitation frequency are obtained with this
method. The excitation mode is denoted by mode 1. The damping
valueassociatedwith the excitationshouldbe zero, but theestimated
value is � nite, though very small.

Parameters such as Taylor expansion order n0 and time delay T
have larger effectson the dampingestimatesthan on the frequencies.
Special attention must be exercised in selecting the best values for
parameters such as n0 and T . The embedding dimension is also
very important. If too small an embedding dimension is chosen,
then one of the aeroelastic modes will be lost, and the error in the
other aeroelastic mode will be increased considerably.

The preceding technique of parameter identi� cation was also
employed for the airfoil with a cubic nonlinearity in pitch ex-
cited by a sinusoidal input. The cubic nonlinearity is given by
M D ® C 3®3 , which is a small deviation from linear stiffness for
¡0:2 < ® < 0:2 rad(§12 deg). The estimated frequency and damp-
ing values for this case are as follows:

!1 ¼ 0:1514; !2 ¼ 0:2457; !3 ¼ 0:3506

³1 ¼ 0:0059; ³2 ¼ 0:0666; ³3 ¼ 0:0569 (23)
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When the magnitude of the cubic nonlinearity term is increased,
the uncertainty in the mean eigenvaluesof the mapping is increased
signi� cantly. As a result, the frequency and damping values now
show considerabledisagreementwith those obtained. This problem
becomes even more severe when the method is applied to the sys-
tem with bilinear nonlinearity. The results obtained for nonlinear
cases suggest that, for systems with a small departure from linear-
ity, this method is able to obtain reasonable estimates of frequency
and damping ratios.

Conclusions
The signal processingtools commonly used to analyze � ight � ut-

ter test data usually work very well for linear signals. However, it
has been recognized that a source of dif� culty in extracting � utter
parameters, such as frequencyand damping, is the nonlinearbehav-
ior of aircraft structural components. A phenomenon that can take
place in the presence of nonlinearities is a randomlike response of
the aircraft known as chaos. The time series of such signals bear
some resemblance to deterministic signals corrupted with noise.
Without recognizing the chaotic behaviorof the signal, one may in-
advertently use linear signal processing techniques to calculate the
frequency and damping values of the � utter modes. This can lead
to misleading results. More suitable methods based on tools devel-
oped for nonlinear dynamic systems can be used to extract para-
meters to describe the system behavior properly. The applicationof
these techniques to aeroelasticity is still in its infancy stage. The
method outlined is potentiallyuseful to analyze nonlinear aeroelas-
tic signals, but further studies are necessary to address the issues of
noise and selectionand optimizationof the variousparametersused
in the method.

Acknowledgments
The authors gratefully acknowledge the � nancial support of Nat-

ural Sciences and Engineering Research Council of Canada. The
� rst author would also like to acknowledge the guidance given by
S. J. Price of McGill University.

References
1Lee, B. H. K., Price, S. J., and Wong, Y. S., “Nonlinear Aeroelastic

Analysis of Airfoils: Bifurcation and Chaos,” Progress in Aerospace Sci-
ences, Vol. 35, No. 3, 1999, pp. 205–334.

2Abarbanel, H. D. I., Analysis of Observed Chaotic Data, Springer-
Verlag, New York, 1996.

3Lee, B. H. K., and Wong, Y. S., “Neural Network Parameter Extraction
with Application to Flutter Signals,” Journal of Aircraft, Vol. 35, No. 1,
1998, pp. 165–168.

4Gallager, R. G., Information Theory and Reliable Communication,
Wiley, New York, 1968.

5Abarbanel, H. D. I., Brown, R., Sidorowich, J. J., and Tsimring, L. S.,
“The Analysis of Observed Chaotic Data in Physical Systems,” Reviews of
Modern Physics, Vol. 65, No. 4, 1993, pp. 1331–1392.

6Fraser, A. M., and Swinney,H. L., “IndependentCoordinates for Strange
Attractors from Mutual Information,” Physical Review A, Vol. 33, No. 2,
1986, pp. 1134–1140.

7Kennel, M. B., Brown, R., and Abarbanel, H. D. I., “Determining Em-
bedding Dimension for Phase-Space Reconstruction Using Geometrical
Construction,” Physical Review A: General Physics, Vol. 45, No. 6, 1992,
pp. 3403–3411.

8Briggs, K., “An Improved Method for Estimating Lyapunov Exponents
of Chaotic Time Series,” Physical Letters A, Vol. 151, No. 1, 1990, pp. 27–
32.

9Bryant, P., Brown, R., and Abarbanel, H. D. I., “Lyapunov Exponents
from Observed Time Series,” Physical Review Letters, Vol. 65, No. 6, 1990,
pp. 1523–1526.

10Brown, R., Bryant, P., and Abarbanel, H. D. I., “Computing the Lya-
punov Spectrum of a Dynamical System from an Observed Time Series,”
Physical Review A: General Physics, Vol. 43, No. 6, 1991, pp. 2787–
2806.

11Oseledec, V., “A MultiplicativeErgodicTheorem. LyapunovCharacter-
istic Numbers for Dynamical Systems,” Transactions of the Moscow Math-
ematical Society, Vol. 19, 1968, pp. 197–231.

12Wolf, A., Swift, J. B., Swinney, H. L., and Vastano, J. A., “Determining
Lyapunov Exponents from a Time Series,” Physica D, Vol. 16, No. 3, 1985,
pp. 285–317.

13Fung, Y. C., An Introduction to the Theory of Aeroelasticity, Dover,
New York, 1993, pp. 186–240.

14Jones, R. T., “The Unsteady Lift of a Wing of Finite Aspect Ratio,”
NACA Rept. 681, 1940.

15Alighanbari, H., and Price, S. J., “The Post-Hopf-BifurcationResponse
of an Airfoil in Incompressible Two-Dimensional Flow,” NonlinearDynam-
ics, Vol. 10, No. 4, 1996, pp. 381–400.

16Alighanbari, H., and Hashemi, S. M., “Bifurcation Analysis of
an Airfoil Containing a Cubic Structural Nonlinearity and Subjected
to Two-Dimensional Incompressible Flow,” AIAA Paper 2002-1206,
April 2002.


